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Fermat’s principle: minimize optical length in a medium with variable
refractive index.
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Inverse Problem and Invisibility

Singular ideal cloaking

Regularized electromagnetic approximate cloaking
2D electromagnetic/acoustic cloaking

Transformation Optics based Cloaking

@ J. B. Pendry, D. Schurig and
D. R. Smith (2006)

@ U. Leonhard (2006)

@ Transformation Optics and
Metamaterials

@ A. Greenleaf, M. Lassas and
G. Uhlmann (2003)

From Pendry et al’s paper
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Inverse Problem and Invisibility

Visibility: Inverse problems of EIT (Calderon problem)

Electrical Impedance Tomography (EIT)

e Conductivity equation: Voltage f
V- AVu=0 in{.

Current flux

0<C<y< Gy
e Boundary measurements:

Dirichlet-to-Neumann (DN) map
Ay :oulpa = v yVilag

‘Calderén problem: A, =A, = v =7?

@ [sotropic y scalar: uniqueness results —- Visibility
[Sylvester-Uhlmann, Nachman, . . .]

@ Anisotropic v = (v7) (pos. def. sym. tensor): non-uniqueness.
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Inverse Problem and Invisibility

Transformation law and nonuniqueness

x=v(y),plaa=I (Dd})T"/ (DU) B
: d L (D) (DY) .
/QVuf yVuy dy /Qva ( [det(DY)| o~ Vv dx

Py

| aras,= [ aras.
onN onN

DN-map:
V-yVuy =0 Vv Vyp =0
urlog = f Vf:”ﬁ;”fl veloa =f
Ay () = v -7 Vurlog | | Apr () = v - 0y Voo |

Conclusion: 1): a diffeomorphism on 2 and 1|02 = Id.
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Inverse Problem and Invisibili
Singular ideal

Cloaking for EIT

F: Bg\{O} — BZ\B_I

Fly) = (1 + %) ﬁ —

F|sp, = Identity.

Greenleaf-Lassas-Uhlmann (2003)

v = I : Identity matrix in By,

so{ ([

arbitrary v, in B

@ F,l is anisotropic.

@ Removable singularity argument.
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Inverse Problem and Invisibility

Singular ideal cloaking

Regularized electromagnetic approximate cloaking
2D electromagnetic/acoustic cloaking

Currents (vacuum space vs. cloaking)

All Boundary measurements for the homogeneous conductivity v = I and
the conductivity 4 = (F.I,~,) are the same

Analytic solutions for the currents

Based on work of Greenleaf-Lassas-Uhlmann, 2003
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Inverse Problem and Invisibility
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Inverse Problem and Invisibility

Wave theory of light: Electromagnetic waves and Maxwell’s equations

What is invisibility?

V X E —iwpH =0
V X H+iweE=J

(E,H): electromagnetic field

1(x): magnetic permeability object to be cloaked in

D surrounded by the cloak Q\D
with electromagnetic parameters
(fi(x), €(x)). We want to show that
if Maxwell’s equations are solved
in €2, the boundary information of
Refractive index: /Ji€. solutions is the same as that of the

case with y = e = Id.

e(x): electric permittivity

J(x): electric current source

TING ZHOU Northeastern University Luminy



Inverse Problem and Invisibility

Singular ideal cloaking

Regularized electromagnetic approximate cloaking
2D electromagnetic/acoustic cloaking

Invisibility and Cloaking

From Pendry et al’s paper

TING ZHOU Northeastern University

@ J. B. Pendry, D. Schurig and
D. R. Smith (2006)

@ U. Leonhard (2006)

@ Transformation Optics and
Metamaterials

@ A. Greenleaf, M. Lassas and
G. Uhlmann (2003)
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Inverse Problem and Invisibility

Singular ideal cloaking

Regularized electromagnetic approximate cloaking
2D electromagnetic/acoustic cloaking

Metamaterials for electromagnetic cloaking

Invisibility cloak for 4 cm EM waves
Schurig et al, Science 2006.
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Inverse Problem and Invisibility
Singular ideal cloaking

Regularized electromagnetic approximate cloaking
2D electromagnetic/acoustic cloaking

Metamaterials for acoustic cloaking

Layer | 1,(mm) | L,(mm)| v(mm?)
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Zhang et al, PRL 2011
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Inverse Problem and Invisibility

Singular ideal cloaking

Regularized electromagnetic approximate cloaking
2D electromagnetic/acoustic cloaking

Tsunami cloaking

Broadband cylindrical cloak for linear surface waves in a fluid,
M. Farhat et al, PRL (2008).
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Singular ideal cloaking .
8 Singular cloaking medium

Electromagnetic waves in regular media

@ Time harmonic Maxwell’s equations

VXE=iwpH YV xH=—iweE+J in{).

with permittivity £(x) and permeability (x).
e Regular (Nonsingular) medium: ¢ = (¢¥) and y = (u¥) are pos. def.
sym. matrices, that is, there exists C > 0 such that

S iieg = ClgP. 3 gg = Clef
i i
for £ € R"and x € Q.

@ Then (E,H) € H(curl) x H(curl).
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el Singular cloaking medium
Regularized elect £

2D electromagnetic/acoustic clo;

Imaging and inverse problems with electromagnetic waves

o Boundary observation: Impedance map

‘AH,E: v X Elaq 1/><H|3Q.‘

@ Inverse problem: Is (y, €) — A, . injective?
[Ola-Piivirinta-Somersalo], [Ola-Somersalo]: C? isotropic.
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Singular ideal cloaking .
8 s Singular cloaking medium

Transformation law for Maxwell’s equations

Let ¢ : Q — Q) be a diffeomorphism.
@ Pullback of fields by ¢!
E= (@) E = (Dy") By
A= () Hi= (DyT) "H oy
J= @71 = [det (D))" 'Dy T o 7

@ Push-forward of medium by :
(W) (D«m) o
- [ (DY)'e (DY) =

e - A

@ Then
VxE=ivil, VxH=-iwiE+]| inQ

@ Moreover, if 1|gpq = Identity, we have

Luminy
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Inverse Problem and Invisibility
Singular ideal cloaking

Singular cloaking medium
Regularized electromagnetic approximate cloaking e e

2D electromagnetic/acoustic cloaking

Electromagnetic cloaking medium

F: Bz\{O} — Bz\B_l

F(y) = (1 + %) ﬁ -

F|op, = Identity.

Cloaking medium

(7, 2) = { (F.I,F.I) in B,\B;

(14, €4) arbitrary in By

@ Heterogeneous, anisotropic and singular in the cloaking layer.
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Inverse Problem and Invisibility
Singular ideal cloaking

Regularized electromagnetic approximate cloaking Sk dleing it
2D electromagnetic/acoustic cloaking
Transformation Optics for Rays
=1 T~}
4 5
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Singular ideal cloaking Singular cloaking medium

Singular cloaking medium

@ 3D cloaking device medium in B,\B;:

(Jxf = 1)?

= IR

II(x) |+ 2(1 — II(x))

where TI(x) = &&” = xx” /|x|? is the projection along the radial
direction.

@ Degenerate singularity at |x| = 17!

@ v.s. Non-singular (Regular) medium: for some C > 0,

ZVU(X)&@ > ClE)?, €eR, x€N
iy
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Singular ideal cloaking Singular cloaking medium

Finite energy solutions [Greenleaf-Kurylev-Lassas-Uhlmann]

Finite energy solution (FES) to Maxwell’s equations for (B, [i,£):

E,H,D = ¢éE and B = jiH are forms in B, with L' (B,, dx)-coefficients such
that

/éyﬁifjdx<oo, /ﬂijﬁiﬁjdx<oo,
Bz BZ
Maxwell’s equations hold in a neighborhood of 0B, and
/ (V x h)-E—h-iwiH dx =0
B>
/ (Vxe) H+e- (iwéE —J) dx =0
B>

forall &,h € C3°(B,).
@ Hidden boundary condition: v x E\{)Br =X H|f)3( =0.

o Then cloaking a source (J|z, # 0) is problematic!
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Regularized Electromagnetic
Approximate Cloaking
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Blow-up-a-small-ball regularization

o Regularized transformation that blows up B,(0 < p < 1) to B; and
fixes the boundary OB;.

@ Construct non-singular EM anisotropic material

— oy ((Fp)ud (Fp)id), 1 <|x] <2,
(:u/)’ap) T { (NO»EO)v |x| <1

@ Blow-up-a-small-ball regularization scheme for Helmholtz equations
[Kohn-Onofrei-Vogelius-Weinstein]
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Regularized cloaking medium

o Construct non-singular EM anisotropic material

o (Fp)ud, (Fp)u), 1< x| <2,
(ipsp) = { (10, €0) x| < 1.

(2—p)x[—2+2p
2 =)l
e Well-posedness: well-defined H(curl) solutions satisfying transmission

problems in both physical space (cloaking device + cloaked region)
and virtual space (pullback of physical space).

(Fp)el = ) I(x) + (2 = p)(I — 11(x))
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Inverse Problem and Invisibility

Singular ideal cloaking Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface
2D electromagnetic/acoustic cloaking

Virtual space vs. Physical space

Virtual space — Physical space

o IsAj s~ Ar;? Yes and No!

@ What is the limiting behavior (as p — 0) of the EM waves in the
physical space at the interface |x| = 1?
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Regularized electromagnetic approximate cloaking

Regularization and discussion
Limiting Behavior at the Interface

Transmission problems in physical and virtual spaces

Virtual space:

fory € B,\B, :
V X E} =iwH}

+_ ot
Vpr = —iwE,; +J

forye B, :
VxE; =iw((F,")spo)H,
)*Eo)E; +J

V x Hy = —iw((F,
v ><E;L|aBj =v X E;|aB;
v xH:\aB;r =v ><H;|8B;
=f

Vv X E;|332

TING ZHOU Northeastern University

Physical space:

forx € B,\B; :
Pt o
V X E; =iwp,H,
S el -
V xH = —iwé,E; +J,

forx € By :
V x E; = iwpoH,
V x I:Ip_ = —iWEoEp_ + J

’/XE:‘aBﬁ ZVXE;‘QB]—,
14 XH;_|BBI+ =V XHp_‘aBr,

f

Vv X E:‘@Bz

Luminy



Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Cloaking a passive medium: J = 0

Assume 119 and €, are positive constants, k = /to€o.

@ Spherical expansion of E’s:

oo n
e —1/2 my gm m m :
Ep =& E : E O My ke +6n V % Mn,kw in By,

n=1m=-—n

(oo} n
EF =" Ny AdIN XN A M AV XM, in Bo\B,.
n=1 m=—n

@ Expansion of H’s:

_ 1 _ o0 n )
H, = oMo I/ZZ Z k2w2ﬁr’l"Mkaw +a,'V x M}, in By,

n=1 m=—n

1 oo n
HY = - SN AN ANV XN MY Y XM,

n=1 m=—n
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Cloaking a passive medium: J = 0

Plug in to the boundary conditions and transmission conditions:

SV (2w) + 4 (2w) = £,
A H,,(2w) + 7" Tu(2w) = 2fr)

—1/2

pehS) (wp) + pyia(wp) = €5 o, (kw),
dyHa(wp) + 1y Tn(wp) = &y '~ By Tn(kw).

ke Ha(wp) + kot T(wp) = g it (ko).
m 1 m: m
pdi s (wp) + prftin(wp) = g kB (kew)-
e Systems of linear equations for X = (a2, B, ¢, dit, ™ )

An,p,w,uoﬁox =br
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Inverse Problem and Invisibility

Singular ideal cloaking Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface
2D electromagnetic/acoustic cloakin

Cloaking a passive medium: J = 0

Convergence order as p — 0:

A" =0(1), " = 0(1); " = 0(p*" ), d"

n

=0(p™*");
= ( n+l) ﬁm: ( n+1>.

A —>A]]

frpsEp

Inside By,
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Cloaking a medium with a source: J # 0 supported in B,

Given an internal current source J supported in B, where r; <1,

@ Spherical expansion:

o0 n
[~ —1/2
Ey =y P30 My BV XM+ PN+ X NI

n=1 m=—n
forr <o <1.
o0 n
Ef =% > N+ dyV XNy + My, Y X My
n=1 m=—n

forp < |y| < 2.
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Inverse Problem and Invisibility

Singular ideal cloaking Regularization and discussion
Regularized electromagnetic approximate cloaking

Limiting Behavior at the Interface
2D electromagnetic/acoustic cloaking

Cloaking a medium with a source: J # 0 supported in B;

Convergence order as p — 0:
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Demonstration (passive)

Re(E,); (sliced at
x=0,1,2),w =5,
€o=po=2,p= 1/6.

p 0.1 0.05 0.01 0.005 0.002 0.001
Er(p) || 0.1810 0.0139 8.42¢—05 1.02¢—06 6.42¢—07 7.97¢—08
r(p) 3.703 3.173 3.044 3.020 3.009

Boundary errors and convergence order when w = 5, €g = po = 2.
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Demonstration (active)

Re(E,)1 (sliced at
x=0,1,2),w =25,
€0 = po =2,

p = 1/12, with a point

source.
p 0.1 005 001  0.005 0.002 0.001
Er(p) || 1.9787 03509 0.0114 0.0028 4.4le—04 1.10e — 04
r(p) 2495 2129  2.031 2.013 2.006

Boundary errors and convergence order w = 5, 9 = j1o = 2, with a point source.
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Inverse Problem and Invisibility
Singular ideal cloaking Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface
2D electromagnetic/acoustic cloaking

Resonance
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Resonance and Cloak-busting inclusions

o For a fixed cloaking scheme, i.e., fixed p > 0, there exists some
frequency w and cloaked medium (1, £9) such that the transmission
problems are NOT well-posed. Therefore, the boundary measurement
Aj ¢ is significantly different from A; ;.

152 o) (wp) T (ko) — £ 2t (wp)jn(kw) = 0

@ w is the resonant frequency;

@ (uo,ep) is called cloak-busting inclusion;
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Regularized electromagnetic approximate cloaking

Demonstration (Resonance)

Regularization and discussion
Limiting Behavior at the Interface

" Lossless passive cloaking=0.01)

Lossless active cloaking<£0.01)

10
£ 1
18 09
16 08
14 0.7
1.2 0.6
g, < 0.5
w w
08 0.4
06 03
04 0.2)
0.2 0.1
o — oA
1 15 2 25 3 1 15 2 25 3
w w

Boundary error Er(w) = v x H;f |5, — v X H|ag, for mode n = 1, when p = 0.01
and po = €9 = 2, against frequency w € [1, 3] (Left: passive; Right: active).

TING ZHOU Northeastern University
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Remedy to resonance: Cloaking with a
lossy layer .

![Kohn-Onofrei-Vogelius-Weinstein] for Helmholtz equations
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Remedy: Lossy layer

((F’ﬂ)*

N~

(F2p)l)

(I, (1 +ir)I)

] sz blows up sz to B,

2(1-2
(%52 + ) & 20<bl<2,

F2p(y) =
357 byl < 2p.

o 7 is the damping parameter (conductivity).
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Demonstration (lossy)

Lossy passive approximate cloaking (p=0.01)

0.1 T T T T T T T T

0.08f 1

0.06f 1
g
]

0.04f 1

0.02 { 1

oL " L. N l J l J
1 2 3 4 5 6 7 8 9 10
®

Boundary error Er for mode n = 1 when p = 0.01 of lossy approximate cloaking
(passive), against frequency w € [1, 10].

@ Resonant frequencies disappear.

o Complex poles?

@ Damping effect: T depending on p.
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Damping parameter 7

@ Lossy regularization for Scalar optics and Acoustics (Helmholtz
equations) (Kohn-Onofrei-Vogelius-Weinstein, Kohn-Nguyen).

V. -yVu+kqu=0

lossy cloaking medium

(@) 1< <2
(Tos@p) = § ((F2p)ud; (Fap)i(1 +icop™2)) 1/2 < |x] <1
(70, 90) x| < 1/2
where q
F.gi=—>——oF!
1= deu(DF) °
Then
Inp|~', in R?
||A%7r}p — Al S { |p, | in R3.

TING ZHOU Northeastern University Luminy



Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Extreme case: Enhanced cloaking by lining

@ 7 = 00 = sound-soft lining [Liu]. Then

[Inp|~!, in R?
5., ~ il £ DA RS

(High loss makes detection easier in infrared regime!)
@ Finite-sound-hard layer [Liu]:

((F, )1, (Fap)«1)

I <lx]<2
(Fps@p) =8 (P72 2(Fap)ul, (Fap)s(a+iB)) 1/2< x| <1
(70, 90) x| < 1/2
Then

‘ 1A5,, — Al S p”‘ in R".

e In FSH, let 6 — oo, we have sound-hard lining.
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Normal limits at the interface due to an
internal source?

2This is a joint work with Prof. Matti Lassas
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Inverse Problem and Invisibility
Singular id

Regularized electromagnetic approxima
2D electromagnetic/acoustic cloaking

Regularization and discussion
Limiting Behavior at the Interface

Radiation at the interface due to the internal source

F))d, (F,).d . .
(« ’),  (Fp)d) @ Given a current source J

supported on B,, forr; < 1.
No resonance.

o As p — 0, degenerate
singularity arises at OB} .

@ Consider the limit of | X - Ej

asp— 0t.
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Inverse Problem and Invisibility

Singular ideal cloaking Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

2D electromagnetic/acoustic cloaking

Hint

Formally

[ weEPa= [ @yl plor,)a
By/2—p)\B1 By,\B,, 1

spherical expansion of E:{

{=0(p“) p=2
<o() p=1L

suggesting a superposition of Delta functions at the interface!
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Regularization and discussion
Regularized electromagnetic approximate cloaking Limiting Behavior at the Interface

Distributional limits

Theorem [Lassas-Z]

o X E+alloos, H, 2" H+ BlT)0os

where ( ) | |
~ = F.E.F.H) 1< |x| <2,
@m‘{%ﬂo <1

with (E, H) denotes the background waves in the vacuum space and

V X Ey = iwpuogHy, V X Hy = —iwepEy on B;
v -Eolop, = v - Holop, =0

e extraordinary surface voltage effect [Zhang etc.].
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\m ula 1\\ J loaking for 2D He Jmh oltz equations
egular nd the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Two dimensional approximate cloaking and
non-local (pseudo-differential) boundary
conditions

TING ZHOU Northeastern University Luminy



Singular ideal cloaking for 2D Helmholtz equations
Regularization and the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Cloaking for scalar optics and acoustics: Helmholtz equations

@ The Helmbholtz equation for acoustics or scalar optics, with a source
term p, inverse of the anisotropic mass density o = (/%) and the bulk
modulus A

AV -oVu+w?u=p inf.

o Dirichlet to Neumann map: ‘ Ao i uloq — v-oVulsa ‘

o Cloaking medium

5 _ [ (FLF.) <=2
(Ua)\) - { (ga,)\a) arbitrary le < 1

where F \(x) := [det(DF)\] o F~1(x).
@ ii“="uoF~'inB,\B.
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Inverse Problem and Invisibility
Singular ideal cloaking Singular ideal cloaking for 2D Helmholtz equations
Regularized electromagnetic approximate cloaking Regularization and the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Singular ideal cloaking medium in R?

@ Cloaking layer: in B,\B;

[

[ -1
e -1

Qv
Il
5!
*
~
Il

I1(x) + (1 —TI(x))

[

5 Al
A=Fl= 1
4l - 1)

@ Both degenerate and blow-up singularities at |x| = 17!
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Singular ideal cloaking for 2D Helmholtz equations
Regularization and the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Truncation based regularization scheme

o Regularized medium with regularization parameter 1 < R < 2

s [ (3N k>R
(”R’AR"{ (00 he) || <R

@ We are interested in the limiting behavior of the solution near the
interface when an internal source is present.
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Singular ideal cloaking for 2D Helmholtz equations
Regularization and the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Cloaking a homogeneous medium with an internal source

Suppose (04, \) is constant. Set k> = (o,\,) " and p = F~'(R)
o Physical space:

(AV -6V +whuy =p, inB,)\Bx

(A + K*w?)up = K*p in By

o Virtual space: v} = uj oF,

(A+w?)vi =poF inB,\B,

@ Transmission conditions and boundary conditions:

V;_‘ag;f = ”E|ag;7 Parvmagjg = ”Rar”E|33;7

V;_‘@Bz :f

TING ZHOU Northeastern University Luminy



Singular ideal cloaking for 2D Helmholtz equations
Regularization and the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Cloaking a homogeneous medium with an internal source

Given p € C>(IR?) with supp(p) C Bg, (0 < Ry < 1) and suppose f = 0 on
0B,

@ Spherical expansions:

ug (1,0) = > (andyn)(5wF) + puH)) (kwP))e™, 7 € (Ro,R)
VE(r0) = D (bud(wr) + cHy) (wr))e™, 1€ (p,2)

@ Linear system about a,, b, and ¢, by the transmission conditions and
boundary condition.
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Singular ideal cloaking for 2D Helmholtz equations
Regularization and the limiting behavior at the interface

Regularized electromagnetic approxin
2D e]ec!romagneuc/acousuc cloakmg

R(H(l)) (kwR)l; — pH(l)(an)lz A
u In| I =
n D, Pn = ann
R{(H{)))' (5wR)Jj (5wR) — J}, (rwR)H|)) (5wR) H{ ) (3w)
b, = D Pn
R{(Hl(;‘))’(an)J‘,q(/ewR) I, ‘(KUJR)Hl( KwR) }J ) (3w)
Ccp = Pn
D,
where
—i2"w ™" Y (n —1)! 5 o —n it
D, = Ju(3w) [F*wRI) (KwR) 4 nJ,(kwR)| p~"+0(p ),
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Singular ideal cloaking for 2D Helmholtz equations
rrized electromagnetic af Regularization and the limiting behavior at the interface

elec etic appr g
2D electromagnetic/acoustic cloaking

Observations for resonant case

Resonant frequency w for mode n

<= cloak-busting inclusion limit x = (cgAg) />

<= |ayl, |bul,|ca| = 00asR— 17 (p = 0") (n > 1)

<= [CUKZR(JMl),(I{WR) + |n|J‘,,|(/{wR)]|R:1 =0

<= Viu(F,0) := Jj (rwF)e*™ are eigenfunctions of

(A + KWV =0 inBy,
[H;‘@;V + (*@é)l/z‘/”;:wr - 0
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Singular ideal cloaking for 2D Helmholtz equations
Regularization and the limiting behavior at the interface
2D electromagnetic/acoustic cloaking

Non-local boundary conditions

im1+ = 0.

[K70:V + (—03)"/?V]

@ Operator A := (—85)1/ 2 is a pseudo-differential operator: Square root

of positive laplacian over S'.
Symbol of P: e
Pu = Sym(P)u

Sym(V) = —i€, Sym(A) = —[¢f’, (eR
Sym(A) = [¢]

@ A non-local boundary condition:

Au = FH(I¢[u)
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Non-resonant result: non-local boundary conditions

Suppose w and (o, \,) satisfy

{ [WR*R(Jjn))! (KwR) + ||}y (50R)] | o, # O, forn € Z.

Theorem [Lassas-Z]

As R — 1T, ug (the solution in the physical space) converges uniformly in
compact subsets of B,\0B to the limit u; satisfying

(A + K*w?)u; = k?p  in B,
[K@;ul == (—8§)l/zu1 =0.

llos,

@ possiblely due to the fact that the phase velocity of the waves in the
invisibility cloak approaches infinity near the interface, even though the
group velocity stays finite.
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Thank you for your attention!
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